Local reciprocity cycles
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In this section we introduce a description of totally ramified Galois extensions of a local field with finite residue field (extensions have to satisfy certain arithmetical restrictions if they are infinite) in terms of subquotients of formal power series
* . This description can be viewed as a non-commutative local reciprocity map (which is not in general a homomorphism but a cocycle) which directly describes the Galois group in terms of certain objects related to the ground field. Abelian class field theory as well as metabelian theory of Koch and de Shalit [K] , [KdS] (see subsection 9.4) are partial cases of this theory. Gal(L/F ) x is open in Gal(L/F ) (see also subsection 6.3 of Part II). For instance, a totally ramified p-adic Lie extension is arithmetically profinite.
Group
For an arithmetically profinite extension L/F define its Hasse-Herbrand function
If L/F is infinite let N (L/F ) be the field of norms of L/F . It can be identified with k F ((Π)) where Π corresponds to the norm compatible sequence π E (see subsection 6.3 of Part II, [W] , [FV, Ch.III §5] ).
Denote by ϕ the automorphism of N (L/F ) ur and of its completion N (L/F ) corresponding to the Frobenius automorphism of F ur /F .
of those elements
such that its F -component is ε ∈ U F will be called a lifting of ε.
is a direct product of a quotient group of the group of multiplicative representatives of the residue field k F of F , a cyclic group Z/p a and a free topological
Reciprocity map N L/F
To motivate the next definition we interpret the map ϒ L/F (defined in 10.1 and 16.1) for a finite Galois totally ramified extension L/F in the following way. Since in this case both π Σ and π L are prime elements of
be a solution of the equation
Remark. Compare the definition with Fontaine-Herr's complex defined in subsection 6.4 of Part II.
of the abelian reciprocity map ϒ L/F (see the beginning of 9.2).
(3) Let M/F be a Galois subextension of L/F and E/F be a finite subextension of L/F . Then the following diagrams of maps are commutative:
be the filtration induced from the filtration 
One method to solve the problem is described below.
Reciprocity map H L/F
Definition. Fix a tower of subfields
is a Galois extension, and E i /E i−1 is cyclic of prime degree. We can assume that |E i+1 : E i | = p for all i i 0 and |E i 0 : E 0 | is relatively prime to p.
Let σ i be a generator of Gal(E i /E i−1 ). Denote
The group X i is a Z p -submodule of U 1, E i . It is the direct sum of a cyclic torsion group of order p n i , n i 0, generated by, say, α i ( α i = 1 if n i = 0 ) and a free topological Z p -module Y i .
We shall need a sufficiently "nice" injective map from characteristic zero or p to characteristic p f i :
If F is a local field of characteristic zero containing a non-trivial p th root ζ and f i is a homomorphism, then ζ is doomed to go to 1. Still, from certain injective maps (not homomorphisms) f i specifically defined below we can obtain a subgroup f i (U
to be equal to 1.
be a lifting of α i with the following restriction:
is not a root of unity of order a power of p (this condition can always be satisfied, since the kernel of the norm map is uncountable).
Lemma ([F]). If
Note that every β i+1 when it is defined doesn't belong to X p i+1 . Indeed, otherwise we would have
= γζ for a root ζ of order p or 1. Taking the norm down to E i we get α
the latter converges). Hence we get a map
which depends on the choice of lifting. Note that
Lemma. The product of
there is a unique automorphism τ in the group Gal(L/F ) satisfying
Hint.
Step by step, passing from E i to E i+1 .
Remark. This theorem can be viewed as a non-commutative generalization for finite k of exact sequence ( * ) of 16.2.
Corollary. Thus, there is map
The composite of N L/F and H L/F is the identity map of Gal(L/F ).
Main Theorem
Theorem ( [F] ). Put
where τ is the unique automorphism satisfying
Corollary. Denote by q the cardinality of the residue field of F . Koch and de Shalit [K] , [KdS] constructed a sort of metabelian local class field theory which in particular describes totally ramified metabelian extensions of F (the commutator group of the commutator group is trivial) in terms of the group Let M/F be the maximal totally ramified metabelian subextension of It belongs to n(F ), so we get a map
This map is a bijection [F] which makes Koch-de Shalit's theory a corollary of the main results of this section.
